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Abstract
In this note we determine all irreducible Brauer characters of Fi22, its cover 6.Fi22, its automorphism
group Fi22.2 and the bicyclic extension 6.Fi22.2 in characteristic 2 and 3.
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1. Introduction
The Modular Atlas project [11] strives to compute the modular character tables, or equiva-
lently the decomposition matrices, of the almost simple groups whose ordinary tables are given
in the Atlas of finite groups [2]. In particular with regard to the sporadic simple groups there are
still many open problems. Previously the irreducible Brauer characters of Fi22 have been deter-
mined in most characteristics by the work of Hiss and Lux [4,5] and Hiss and White [8]. Here
we complete this task for the last two open characteristics 2 and 3 by computing the modular
character tables for Fi22, its automorphism group Fi22.2 and their respective cyclic extensions by
the Schur multiplier of Fi22. These tables are shown in Tables 1 and 2.
In the past Hiss and Jansen independently computed some of the 2- and 3-modular characters
for the groups under consideration. For the simple group in characteristic 2 their work left three
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2-Modular table for Fi22
irreducible characters undetermined. Furthermore Jansen computed six Brauer characters for the
group 3.Fi22 in characteristic 2, of which the characters of degree 27 were previously known.
In characteristic 3 he determined the faithful characters of 2.Fi22 of smallest degree (see [9]).
However, all their results except the latter are not published. Therefore the results which we
present in this note will not rely on these. In fact we shall compute both character tables from
scratch.
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726 F. Noeske / Journal of Algebra 309 (2007) 723–743For this task we make strong use of GAP (see [3]) and the MEATAXE (cf. [14]) combined with
the method of condensation. This approach is well established and may be considered standard
by now (see, for example, [10]). What is new about our application of these methods here is that
we gain our results by allowing a larger class of idempotents for the condensation of induced
modules and tensor products of modules, and that we make use of new generating systems for
the condensed algebras, thus overcoming the generation problem (see also [13]).
2. The methods
In the following sections our strategy is twofold: To compute the modular characters succes-
sively for each block we begin by choosing a basic set as an initial approximation, i.e. a set of
ordinary characters restricted to the p-regular classes that spans the Z-lattice of Brauer charac-
ters (see [6, Section 3.1]), and carry out all further character computations in GAP. We deduce
the necessary information for these calculations by decomposing suitable tensor products of sim-
ple modules as well as some induced modules with the MEATAXE. This approach necessitates
knowledge of all the characters which are afforded by these simple modules. To this end we will
construct some of the characters with the help of some maximal subgroups and their modular
character tables, which are part of GAP’s character table library [1].
For the purpose of explicit calculation in GAP we fix fusion maps of O7(3) and 2.U6(2)
in Fi22. Under these chosen maps the conjugacy class 13A of O7(3) fuses into the conjugacy
class 13A of Fi22 and the conjugacy class 11A of 2.U6(2) fuses into the conjugacy class 11B
of Fi22. As this allows us to distinguish between the algebraically conjugate classes 13A and 13B ,
as well as 11A and 11B of Fi22 this comes at the loss of some generality. These and any further
choices we make may be in conflict with the choices made previously by other authors, who
have chosen a different labeling for the same classes in their treatment of a different character-
istic. This is a problem we will not address or attempt to solve in its entirety here. In this note
we only concern ourselves with these generality problems to give consistent choices for both
characteristics 2 and 3.
Throughout this note we will number ordinary characters as they are numbered within their
tables in the GAP character table library. Also we denote a character and its associated module
following ATLAS conventions, i.e. by its degree, respectively dimension, followed by a lower
case letter. A restricted ordinary character is indicated by placing a ˆ above the letter following
the character degree. When working with representations we restrict to a maximal subgroup by
using the straight line programs which are available in [17].
In order to decompose huge modules with the MEATAXE we apply condensation. We assume
that the reader is familiar with the basics of condensation as they may be found in [15], for
example. In the sequel K will always denote a condensation subgroup, i.e. a subgroup whose
order is not divisible by the characteristic of the field F . Furthermore let λ be a linear character
of K . In contrast to the traditional condensation method, in which only the central primitive
idempotent of the trivial character of K is used, in this note we will condense with the help of
idempotents of the form
eλ = 1|K|
∑
k∈K
λ
(
k−1
)
k ∈ FK,
which we call linear. The necessary algorithms to condense tensor products of modules and
induced modules have been implemented by the author in GAP and will be made available as a
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an application of these idempotents in the condensation of permutation modules see [16].
Usually when applying condensation we have no knowledge of how to generate the con-
densed algebra with feasibly few elements. Hence in general we cannot assert that the input to
the MEATAXE is a module for this algebra, often enforcing further computations to validate the
condensation result. Here we attempt to avoid such further measures, by always working with a
suitably small generating set of the condensed algebra. We will just briefly introduce these new
generating sets here and refer the reader for a more detailed treatment to [13].
For brevity we write G for Fi22 from now on. By T we denote the inertia subgroup of λ in the
normalizer of K in G. LetN be a generating set for the condensed algebra eλFTeλ and T a set of
representatives of the double cosets T \G/T . Then the condensed algebra eλFGeλ is generated
by the condensed elements of the set N ∪ T (see [13, Theorem 2.7]). This follows from the fact
that eλ is central in FT and every element g ∈ G may be written as g = ntm for some n,m ∈ T
and one t ∈ T . Also note that this implies that as a generating set for eλFTeλ we may take a
condensed generating set of T and as such it is readily available.
As the cardinality of the generating sets produced depends on the number of double coset
representatives in T , we seek to choose K such that T is a maximal subgroup of G or at least
of low index in a maximal subgroup. In the present work this approach leads to good results. It
has also been applied successfully in [7], where the 2-modular characters of Fi23 are determined
with its help.
It may occur however that such a guaranteed generating set is still too large to be of direct
computational use. In these cases we attempt to reduce its cardinality using [13, Corollary 3.6]
by verifying the redundancy of some of their elements while eschewing the generally very time
consuming task of condensing them first.
3. Characteristic 3
Since the 3-modular characters of the extensions 6.G and 6.G.2 can all be gained through
inflation of the 3-modular characters of the corresponding factor groups 2.G and 2.G.2, we may
restrict our attention to these groups.
3.1. The blocks of 2.Fi22
The ordinary characters of 2.G lie in five blocks whose invariants are easily computed by GAP
and which we give in Table 3. Notationwise we adhere to the usual convention that d(B), k(B)
and (B) refer to the defect, the number of ordinary irreducible characters and the number of
irreducible Brauer characters in a block B , respectively. The blocks corresponding to the second
and third row of Table 3 are of cyclic defect and their decomposition matrices have already been
Table 3
Blocks of 2.Fi22
B d(B) k(B) (B)
1 9 58 22
2 1 3 2
3 1 3 2
4 0 1 1
5 9 49 18
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Decomposition matrices for blocks 2 and 3 of 2.Fi22
360 855 1 .
577 368 . 1
938 223 1 1
852 930 1 .
1 876 446 . 1
2 729 376 1 1
published by Hiss and Lux in [4, Section 6.17]. For the sake of completeness and the convenience
of the reader we present them in Table 4. Block 4 of Table 3 comprises the single defect zero
character whose degree is 1 791 153. We will therefore compute the decomposition numbers,
equivalently the irreducible Brauer characters, of the remaining principal block and the fifth
block which contains only faithful characters.
3.2. Irrationalities
The ordinary character table of 2.G.2 shows that 26 pairs of irreducible characters of 2.G fuse
under the action of the lift of the outer automorphism α of G to 2.G (which we also denote by α),
i.e. inducing either character of each pair gives the same irreducible character of 2.G.2. Brauer’s
permutation lemma gives that 26 pairs of conjugacy classes of 2.G are interchanged by α. By
considering the table automorphisms of the ordinary character table of 2.G we can conclude that
13 pairs of 3-regular classes are interchanged. Similarly we may deduce from the character table
of the simple group G that α interchanges the pairs (11A,11B), (13A,13B), (16A,16B) and
(22A,22B). Since all Brauer characters in blocks 2, 3 and 4 are invariant under α, we conclude
that we have four pairs of α-conjugate Brauer characters in the principal block and nine pairs of
α-conjugate Brauer characters in the faithful block.
From the restricted ordinary characters we gain furthermore the information that the Brauer
characters of 2.G take their values in the Galois extension Q(b11, b13, i2) of Q. The irra-
tionalities are denoted as is customary in [2], i.e. we have b11 := (−1 + √−11 )/2, b13 :=
(−1 + √13 )/2 and i2 := √−2. Their minimal polynomials are reducible modulo 3 and there-
fore F3 is a splitting field for 2.G.
3.3. The principal block of 2.Fi22
Since the irreducible characters for the principal block of 2.G can be gained through inflation
of the irreducible characters of the principal block of G, we consider the simple group G and
choose a basic set of restricted ordinary characters as given in Table 5.
From [17] we obtain a 77-dimensional F3-representation of G which we call 77a. A decom-
position of the tensor product 77a ⊗ 77a with the MEATAXE gives the composition factors
1a,351a,2926a,2651a.
Let U := 2.U6(2) denote the first maximal subgroup of G. The corresponding restricted permu-
tation character can be written as 1GU = 1a + 429aˆ + 3080aˆ in the basic set. By comparing these
summands with the composition factors
1a,1a,1a,77a,77a,351a,351a,2651a
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Basic set for the principal 3-block of 2.Fi22
i χi (1)
1 1
2 78
3 429
4 1001
6 3003
7 3080
8 10 725
9 13 650
11 32 032
12 43 680
13 45 045
i χi (1)
16 50 050
18 75 075
19 75 075
22 138 600
24 150 150
33 400 400
34 400 400
35 450 450
40 582 400
41 582 400
51 982 800
of the permutation module, their respective dimensions give 3080aˆ = 1a+77a+351a+2651a,
429aˆ = 1a + 77a + 351a and hence 2651a = 3080aˆ − 429aˆ, which replaces 3080aˆ in the basic
set.
Words for the maximal cyclic subgroups of G are also available in [17]. Using suitable powers
of these we construct the Brauer character belonging to the representation 77a in GAP. It always
assumes rational values on algebraically conjugate classes, i.e. on classes for which representa-
tives may be chosen that generate the same cyclic subgroup. Therefore we do not need to deal
with the problem, that we do not know in which class of an algebraically conjugate pair the con-
structed representative lies. The resulting character 77a decomposes as 77a = 78aˆ − 1a in the
current basic set and from this we also get 351a = 429aˆ − 78aˆ, which respectively replace the
second and third character of the current basic set. Analogously we construct the Brauer charac-
ter of the 924-dimensional F3-representation given in [17] and let 924a = 1001aˆ − 77a replace
the fourth character of the basic set.
A decomposition of the tensor product 77a ⊗ 77a in the current basic set now gives 77a ⊗
77a = 1a−77a+351a+2651a+3003aˆ. In combination with the result of the earlier MEATAXE
computation we conclude 2926a = 3003aˆ − 77a and replace 3003aˆ of the basic set accordingly.
With the help of the now known irreducible representations and their Brauer characters we can
successfully tackle the faithful block. Since the knowledge of its irreducible characters can be
exploited to finish our treatment of the principal block, we shall deal with the faithful block next.
3.4. The faithful block of 2.Fi22
The faithful 3-block contains 18 irreducible Brauer characters and due to our results from
Section 3.2 we know that these come in nine pairs of α-conjugates. Since we also know the action
of α on the conjugacy classes explicitly, it is sufficient to determine one character of each pair.
As our condensation subgroup K we choose an elementary abelian normal 2-subgroup of or-
der 2048 in the fifth maximal subgroup N := 211.M22 of 2.G. Let a and b denote lifts of the
standard generators of G to 2.G. Then by [17] the subgroup N is generated by m1 := bab2ab7
and m2 := ab−4ab4. These give s1 := m51m2m−51 , s2 := m1m2m31m2(m1m2m31)−1, s3 := m71
and s4 := m1(m1m2)2m1(m1m2)m−11 (m2m1)−2m−21 which in turn generate a Sylow 2-subgroup
of N , with whose help we may specify eleven generators k1, . . . , k11 of K as in Table 6. The lin-
ear condensation idempotent corresponds to the character λ defined by its values on the eleven
generators as given in the last column of Table 6.
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Condensation subgroup generators for
the faithful block of 2.Fi22
i Product λ(ki )
1 s3 −1
2 s1s3s−11 −1
3 s2s3s−12 −1
4 s4s3s−14 −1
5 s1s2s3s−12 s
−1
1 −1
6 s2s1s3s−11 s
−1
2 −1
7 s2s4s3s−14 s
−1
2 1
8 s4s2s3s−12 s
−1
4 −1
9 s1s2s1s3s−11 s
−1
2 s
−1
1 −1
10 s1s4s2s3s−12 s
−1
4 s
−1
1 1
11 s2s1s2s3s−12 s
−1
1 s
−1
2 −1
Table 7
Basic set for the faithful 3-block of 2.Fi22
i χi (1)
66 352
67 2080
68 2080
69 5824
70 5824
71 5824
72 5824
76 48 048
77 48 048
i χi (1)
78 105 600
82 146 432
83 146 432
85 235 872
87 320 320
88 320 320
105 1 663 200
106 1 663 200
107 2 196 480
The inertia subgroup T in N of the linear character λ is generated by the elements t1 =
m2m1m2m1m2m
−1
1 m
−1
2 m
−2
1 m
−1
2 and t2 = m21m2m1m2m1m−12 . A computation of the T -T -
double coset representatives in 2.G yields 92 elements, 25 of which condense to zero as can
be checked by character theoretic means (see [13, Corollary 2.4]). Employing an algorithmic
implementation of [13, Corollary 3.6] (see [12, Algorithm IV.(3.11)]) we may further reduce this
number to 40 representatives. Omitting the identity as a representative, these elements together
with the generators of T condense to a generating set of the condensed algebra.
We choose a basic set of restricted ordinary characters as in Table 7. The restricted ordinary
character 352aˆ is invariant under the action of the outer automorphism. Therefore of every pair of
conjugate Brauer characters both must occur with the same multiplicity in 352aˆ. By [9] the small-
est degree of a faithful representation of 2.G is 176. Hence 352aˆ decomposes into 176a + 176b.
We construct the character of 176a by restricting the Brauer character 352aˆ to maximal sub-
groups of 2.G. For this purpose let 2.U := 22.U6(2) and 2.O := 2 × O7(3) denote the first and
second maximal subgroup of 2.G, respectively. The restricted characters
352aˆ↓2.O = 3 × 1b + 2 × 7b + 2 × 21b + 35b + 2 × 63b + 132b
and
352aˆ↓2.U = 56b + 120b + 56c + 120c,
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Dimensions of some condensed simple modules
Name dimV eλ
176a 0
176b 1
1728a 0
1728b 6
Name dimV eλ
5648a 0
5648b 13
5648c 13
5648d 0
determine both summands of 352aˆ on all 3-regular classes of 2.G except on the preimages im-
ages of 16A-B under the canonical projection. Since all faithful ordinary characters are zero on
these, so are the Brauer characters of the faithful block, and thus both 176a and 176b must be
zero on these, too. Here we call 176a the character that attains the value −b13 on 13A and let
it replace the first character of the basic set. We also insert 176b := 176aα into the basic set and
remove the last character.
With respect to the current basic set we obtain 77a ⊗ 176a = −176a + 2080bˆ + 5824bˆ +
5824cˆ. The MEATAXE decomposes the corresponding tensor product of modules into three
176-dimensional, one 1728-dimensional and two non-isomorphic composition factors of dimen-
sion 5648. The MEATAXE also reveals that the three 176-dimensional modules are isomorphic
to 176b. Using the fact that 5824bˆ and 5824cˆ are complex conjugates we get the irreducible
Brauer characters 2080bˆ − 176a − 176b, 5824bˆ − 176b and 5824cˆ − 176b, which we denote
by 1728b, 5648b and 5648c, respectively. From this the action of α yields 1728a, 5648a and
5648d .
By character theoretic means we determine the dimensions of the condensed simple modules
whose existence has been established so far. They are given in Table 8. While the condensation
idempotent is therefore unfaithful, our knowledge of α permits us to obtain the same information
in the sequel as if it were faithful as follows: Since α interchanges pairs of irreducible characters
and all irreducible characters of the faithful block occur in such pairs, the multiplicity of the
conjugate Sα of a composition factor S of a faithful module V is given by the multiplicity of S
as a composition factor of V α .
To determine all remaining Brauer characters of the faithful block we consider the twelve
faithful tensor products 77a ⊗ 176a, 77a ⊗ 176b, 176a ⊗ 351a, 176b ⊗ 351a, 77a ⊗ 1728a,
77a ⊗ 1728b, 176a ⊗ 924a, 176b ⊗ 924a, 351a ⊗ 1728a, 351a ⊗ 1728b, 1728a ⊗ 2926a and
1728b⊗ 2926a. The necessary non-faithful modules and characters 77a, 351a, 924a and 2926a
were determined in Section 3.3. The condensation results are given in Table 9 where each col-
umn gives the decomposition of one of the 12 condensed tensor product modules and the rows
correspond to the condensed irreducible modules. Furthermore the rows are ordered in such a
manner that those corresponding to conjugate modules are juxtaposed. In particular from Ta-
ble 9 we see that it is never the case that both members of a pair of conjugate modules condense
to zero.
By considering the pairs of successive columns giving the decomposition of condensed con-
jugate tensor products and continuously updating our current basic set, we can deduce all of
the remaining ten irreducible Brauer characters belonging to the faithful block. For example,
columns 3 and 4 give the decomposition of 176b⊗ 351a as 2 × 176a + 6 × 176b+ 1728b+ 2 ×
5648b + 2 × 5648c + ϕ10, where ϕ10 denotes the irreducible character which corresponds to the
tenth row of Table 9. We therefore obtain 36 048b := ϕ10 and 36 048a := ϕ9 = ϕα .10
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Condensation results for 2.Fi22
# Name 1 2 3 4 5 6 7 8 9 10 11 12
1 0 . . . . . . . . . . . .
2 k1a 3 . 2 6 6 2 7 5 10 19 48 88
3 0 . . . . . . . . . . .
4 k6a 1 . . 1 1 . . 1 1 2 4 9
5 0 . . . . . . . . . . .
6 k13a 1 . . 2 2 . 3 . 2 7 11 30
7 k13b 1 . . 2 2 . 3 . 2 7 11 30
8 0 . . . . . . . . . . . .
9 k13c . . 1 . . 1 . 2 3 . 10 .
10 k62a . . . 1 1 . 2 . . 3 . 10
11 k27a . . . . . 1 . . 2 . 6 2
12 k126a . . . . 1 . . . . 2 2 6
13 k33a . . . . . . . 1 1 . 10 4
14 k57a . . . . . . 1 . . 1 4 10
15 k106a . . . . . . . . 1 . 10 .
16 k258a . . . . . . . . . 1 . 10
17 k756a . . . . . . . . . . 1 .
18 k1086a . . . . . . . . . . 1
3.5. Completing the principal block
Let O := O7(3) be the second maximal subgroup of G. A run of the MEATAXE determines
the composition factors of the permutation module 1GO to be
1a,1a,1a,77a,77a,351a,351a,924a,2651a,4823a,4823b.
From the decomposition of the corresponding permutation character we obtain the character
ψ := 4823a+4823b = 13 650aˆ−1a−77a−351a−924a−2651, which we restrict to the first
maximal subgroup U := 2.U6(2) of G:
ψ↓U = 2 × 229a + 2 × 560a + 2 × 925b + 2 × 925c + 2184a + 2184b.
By decomposing the restriction of 4823a to O with the MEATAXE and comparing the result
with the decomposition of ψ↓O in IBr(O) we see that a character ϑ of either 4823a or 4823b
possesses the decomposition
ϑ↓O = 5 × 1a + 3 × 7a + 2 × 21a + 27a + 6 × 35a + 3 × 63a
+ 3 × 132a + 189a + 309a + 2 × 518a + 797a + 1602a.
This determines several values of ϑ which in turn splits ψ into two characters ϑ1 and ϑ2 of
degree 4823 with
ϑ1↓U = 2184a + 229a + 560a + 925b + 925c,
ϑ2↓U = 2184b + 229a + 560a + 925b + 925c.
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Condensation results for the principal 3-block of Fi22
# Name 1 2 3 4 5 6 7 8 9 10 11 12
1 k1a . . . . 4 . . 2 6 . . 6
2 k14a 3 1 5 4 2 6 5 2 8 . . 5
3 k36a . . . . 2 1 . 2 2 . . 2
4 k42a 2 . 6 4 1 4 7 1 12 3 3 6
5 k91a . 2 2 4 3 2 4 6 16 3 3 6
6 k98a . 1 . . 2 . . 2 8 . . 4
7 k98b . 1 . . 2 . . 2 7 . . 4
8 k131a . . . . 3 . . 3 6 . . 6
9 k189a . . . . . . 1 . 1 1 1 2
10 k189b . . . . . . . 1 1 1 1 2
11 k225a 1 . 2 3 . 1 2 . 2 . . 1
12 k385a . . 3 3 . 1 5 . 4 4 4 2
13 k468a 1 . 2 3 . 2 3 . 1 1 1 .
14 k532a . . 2 1 . . 2 . 2 1 1 1
15 k589a . . . . 1 . . . . . . 1
16 k965a . . . . . . . . 1 . . .
17 k965b . . . . . . . 2 . . .
18 k1078a . 1 . . 1 . . 2 4 . . .
19 k1940a . . . . . . . 1 6 . . 3
20 k2780a . . . . . . . . . 1 . .
21 k2780b . . . . . . . . . . 1 .
22 k2904a . . . . . . . . . . . 1
We take ϑ2 to be the Brauer character of 4823a and with some loss of generality we determine
its remaining open values on the classes 16A-B by evaluating a word for a representative of
16A-B and defining the class 16A to be the one on which the Brauer character of 4823a assumes
the value −1 − 2i2. This choice is independent of our previous choice in Section 3.4 for the
classes 13A-B as they are distinguished by the faithful characters 176a and 176b, and these are
zero on the preimages of 16A-B .
The remainder of the Brauer characters is determined through condensation by considering
the modules 77a⊗351a, 77a⊗924a, 77a⊗2926a, 77a⊗2651a, 351a⊗351a, 21a↑G, 176b⊗
1728a, 176a⊗1728a, 351a⊗4823b, 77a⊗4823b, 77a⊗4823a and 924a⊗924a. Here 21a is
the unique irreducible Brauer character of U of degree 21, respectively the module which affords
it and whose representation is available in [17]. The characters and modules given by 176a, 176b
and 1728a are faithful modules, which we determined in Section 3.4. We give the condensation
results in the respective order in Table 10.
The condensation subgroup K is the elementary abelian normal 2-subgroup of a sixth max-
imal subgroup N := 26:S6(2) of G and we choose the condensation idempotent to be trivial.
By [17] the subgroup N is generated by bab11ab6 and ab−4ab4 and a set of double coset rep-
resentatives encompasses ten elements, giving us a generating set of the condensed algebra of
cardinality 11. To condense the tensor product of two faithful modules of 2.G we have to choose
a preimage K˜ of K under the projection of 2.G onto G as our condensation subgroup. Then
we may choose words for the double coset representatives of a preimage N˜ of N in 2.G which
coincide with the words for the double coset representatives of N in G. Hence the generating set
for the condensed algebra remains the same.
Table 10 also shows that we find 22 simple modules for the condensed algebra and therefore
the trivial idempotent is faithful on the principal block. Of the seven non-trivial irreducible Brauer
734 F. Noeske / Journal of Algebra 309 (2007) 723–743characters, which we have already determined, 77a condenses to k14a, 351a to k36a, 924a to
k42a, 2926a to k91a, and 2651a to k131a. The modules associated to 4823a and 4823b each
condense to a module of dimension 98.
From Section 3.2 we know that there are four pairs of α-conjugate irreducible Brauer char-
acters in the principal block. Their corresponding condensed modules must necessarily have the
same dimension. Thus from Table 10 we may deduce by inspection that the Brauer characters
belonging to the pairs (6,7), (9,10), (16,17) and (20,21) of rows are conjugate under the action
of the outer automorphism α.
To determine the remaining simple Brauer characters, which correspond to the rows 9–22 of
Table 10, we may simply solve the system of linear equations whose coefficient matrix is given
by rows 9–22 of Table 10. The right-hand side of this system is given by the tensor products of
characters, from which we subtract the appropriate linear combinations of the eight known simple
Brauer characters, whose coefficients may be read off rows 1–8. This system may be solved by
using the additional information on α-conjugacy. This way all characters of the principal block
are finally determined.
3.6. The group 2.Fi22.2
The computation of the irreducible Brauer characters of 2.G.2 is an application of Clifford
theory. Every character ϕ of 2.G which is invariant under the outer automorphism α can be
extended in two distinct ways to an irreducible character of 2.G.2. We may distinguish the two
extensions by the sign of the value, which they take on the class 2D, and hence we denote
each extension by ϕ+ or ϕ−, respectively. A character ϕ which is not α-invariant fuses with
its conjugate ϕα and we obtain an irreducible character ϕ0 of 2.G by induction. This way we
may determine all irreducible Brauer characters of 2.G.2.
From our treatment of 2.G in Sections 3.3 and 3.4 we know that the principal block of 2.G
contains the four pairs of conjugate characters 4823a and 4823b, 12 474a and 12 474b, 92 378a
and 92 378b, as well as 182 897a and 182 897b, while the faithful block consists of nine pairs of
conjugate characters. Hence these pairs each give one irreducible character of 2.G.2 by induction
and all remaining characters of 2.G split, i.e. have two extensions to 2.G.2.
The invariants of the eight blocks of 2.G.2 are displayed in Table 11. The ordinary characters
of degree 1 791 153 are of defect zero and form blocks 6 and 7. Blocks 2 and 3 as well as blocks 4
and 5 are complex conjugates and of cyclic defect. In Table 12 we give a decomposition matrix
for each pair as published in [4, Section 6.17]. Since all characters of the faithful block of 2.G
Table 11
Blocks of 2.Fi22.2
B d(B) k(B) (B)
1 9 98 32
2 1 3 2
3 1 3 2
4 1 3 2
5 1 3 2
6 0 1 1
7 0 1 1
8 9 38 9
F. Noeske / Journal of Algebra 309 (2007) 723–743 735Table 12
Decomposition matrices for blocks 2 and 4
of 2.Fi22.2
360 855 1 .
577 368 . 1
938 223 1 1
852 930 1
1 876 446 . 1
2 729 376 1 1
Table 13
Basic set for the principal 3-block of Fi22.2
i χi (1)
1 1
2 1
3 78
4 78
5 429
6 429
7 1001
8 1001
11 3003
12 3003
13 3080
i χi (1)
14 3080
15 10 725
16 10 725
17 13 650
21 32 032
22 32 032
23 43 680
24 43 680
25 45 045
26 45 045
31 50 050
i χi (1)
35 75 075
36 75 075
37 75 075
38 75 075
44 150 150
45 150 150
59 800 800
60 450 450
61 450 450
70 1 164 800
come in pairs of α-conjugate characters, we obtain all irreducible Brauer characters in block 9
of 2.G.2 by induction. Therefore we may focus on the principal block.
To classify all 3-modular characters of the principal block we consider the group G.2 and
choose a basic set of restricted ordinary characters as given in Table 13. Let χ be a modular
character of G.2 and U := 2.U6(2) the first maximal subgroup of G. To decompose χ into its
irreducible constituents we employ the following method, which relies only on calculation with
characters in GAP.
(1) We consider the restriction χ↓G and decompose it into its irreducible constituents. This
yields the information which characters of G by extension or induction are constituents of χ
as well as their multiplicities.
(2) Next we consider the restriction of χ to the first maximal subgroup U.2 of G.2 and decom-
pose it in IBr(U.2).
(3) The constituents of χ↓G, which we determined in step (1), are restricted to U and decom-
posed. This enables us to see which characters of U extend or induce to constituents of
ψ↓U.2, where ψ ∈ IBr(G.2) is a constituent of χ .
(4) Comparing the decompositions of steps (2) and (3) allows us to deduce how the extended
and induced characters of G decompose when restricted to U.2.
(5) Let ψ ∈ IBr(G.2) be an extension of ϕ ∈ IBr(G). The values which the constituents of ψ take
on the class 2D determine whether we have ψ = ϕ+ or ψ = ϕ−. Furthermore the decompo-
sition enables us to find bounds for the multiplicities of ϕ+ and ϕ− in χ , if we consider the
restriction to U.2 from step (4) again and record the multiplicities of its possible constituents
in a vector. We may then subtract the corresponding multiplicity vectors from the multiplic-
ity vector of χ until an entry of the result becomes negative or we reach the maximal number
of subtractions given by the decompositions of step (1). Thus we get an upper bound on
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multiplicity of the other extension.
Proceeding in this manner the decompositions of most basic set characters are immediate. For
those characters which we cannot decompose uniquely at once we have to consider the cases
arising and eliminate all but one by analyzing further characters. Since these computations are
for the most part straightforward by successively considering the basic set characters and the
additional tensor product 77a+ ⊗ 924a+, we shall omit them here and refer the reader to [12,
Section V.2] for details. The only difficulty which arises is that this way we cannot uniquely
determine the decomposition of the basic set character given by the restriction of χ60 or equiva-
lently the decomposition of 193 479a+↓U.2.
From the decomposition of the restriction of the tensor product 924a+ ⊗ 924a+ to G it
follows that it contains an extension of 193 479a. Considering the possible decompositions of
193 479a+↓U.2 and proceeding as outlined above we get
924a+ ⊗ 924a+ = 4 × 1a+ + 2 × 1a− + 4 × 77a+ + 77a− + 2 × 351a+
+ 2 × 924a+ + 4 × 924a− + (2 +m)× 2926a+
+ n× 2926a− + 6 × 2651a+ + 7722a+
+ 2 × 21 175a− + 29 821a+ + 2 × 24 948a0
+ 4 × 9646a0 + 50 050a− + 133 925a−
+ 2 × 133 925a+ + 193 479a+,
where m+n = 4 for m,n ∈ N. Thus the exact decomposition is directly related to the multiplicity
of the composition factor 2926a+ in the tensor product. We determine this multiplicity with the
aid of condensation.
By examining the ninth power of the second standard generator of G.2, which lies in the
class 2D (see [17]), we see that the 924-dimensional F3-representation of G.2 from [17] affords
the character 924a+. As our condensation subgroup K we choose a normal 2-subgroup of or-
der 128 of the maximal subgroup N := 27:S6(2) and condense with trivial idempotent. This way
we find a generating set for the condensed algebra containing 11 elements.
From their characters we see that the composition factor 2926a+ condenses to a module
of dimension 91 and 2926a− condenses to zero. An application of the MEATAXE shows that
the tensor product contains exactly one simple module of dimension 91 with multiplicity four.
Therefore we have m = 2 = n in the above decomposition and we are done.
4. Characteristic 2
In characteristic 2 it is sufficient to classify the irreducible Brauer characters for 3.Fi22 and
therefore we will restrict our attention to this group. In the following we proceed blockwise
again.
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2-Blocks of 3.Fi22
B d(B) k(B) (B)
1 17 62 14
2 0 1 1
3 1 2 1
4 17 50 11
5 17 50 11
Table 15
Decomposition matrix
of block 3 of 3.Fi22
2 555 904 1
2 555 904 1
4.1. The blocks of 3.Fi22
The ordinary characters of 3.G are subdivided into five blocks. We give their invariants in
Table 14. Only the blocks 4 and 5 contain faithful characters. As we will see, these are complex
conjugates.
The defect zero character of the second block is the unique character of degree 1 441 792.
The decomposition matrix of block 3 has been published in [4, Section 6.17] and we restate it in
Table 15.
4.2. Irrationalities
The simple group G possesses 16 conjugacy classes of odd order elements. The only non-
rational values, which its ordinary characters attain, are the non-reals b11 and −1 − b11 on
11A-B and the reals −b13 and 1+ b13 on 13A-B . With Brauer’s permutation lemma we deduce
that we have a pair of complex conjugate characters in the principal block and a pair of characters
which are conjugate under the non-trivial Galois automorphism σ of Q(b13)/Q. Here the action
of σ on the modules is realized by taking the α-conjugate of the contragredient module. The
2-modular reductions of the minimal polynomials of the irrationalities b11 and b13 both give the
irreducible polynomial X2 + X + 1 ∈ F2[X]. The only further irrationality that arises when we
consider the faithful characters of 3.G is a primitive third root of unity. Hence F4 is a splitting
field for the group 3.G.
Considering the group 3.G, we count 12 pairs of complex conjugate and three pairs of σ -
conjugate 2-regular classes. From our knowledge of the principal block and since the defect zero
character and the characters of the third block are invariant under complex conjugation and σ ,
both faithful blocks therefore contain the remaining eleven pairs of complex conjugate characters
and two pairs of σ -conjugate characters.
4.3. The principal block of 3.Fi22
For the principal block it is again sufficient to consider the simple group G and we choose
the basic set given in Table 16. We begin by decomposing the permutation module 1GU , where
U := 2.U6(2) denotes the first maximal subgroup of G. With the help of the MEATAXE we
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Basic set for the principal 2-block of 3.Fi22
i χi (1)
1 1
2 78
3 429
4 1001
5 1430
8 10 725
10 30 030
i χi (1)
12 43 680
13 45 045
14 48 048
22 138 600
23 138 600
25 205 920
40 582 400
obtain representations for five absolutely irreducible F4G-modules. The occurring composition
factors are
2 × 1a,4 × 78a,2 × 350a,2 × 572a,1 × 1352a.
The restricted permutation character 1GU decomposes into 78aˆ + 2 × 1001aˆ + 1430aˆ in the basic
set. From the degrees we deduce 1430aˆ = 1352a+78a, 78a = 78aˆ and 1001aˆ = 572a+350a+
78a + 1a. Furthermore the decomposition 1GU = 1a + 429aˆ + 3080aˆ given in [2, p. 163] lets us
conclude 429aˆ = 350a + 78a + 1a. With the aid of these decompositions we may write the
Brauer characters of the first four non-trivial simple modules in the basic set as
78a = 78aˆ,
350a = 429aˆ − 78aˆ − 1aˆ,
572a = 1001aˆ − 429aˆ,
1352a = 1430aˆ − 78aˆ.
With this knowledge we shift our attention to the faithful blocks of 3.G. We will return later with
more information to complete the principal block.
4.4. The faithful blocks of 3.Fi22
For the fourth and fifth block we choose the respective basic sets of restricted ordinary char-
acters of 3.G as given in Table 17. The blocks are complex conjugate, i.e. the ordinary characters
in one are the complex conjugates of those in the other; hence the basic sets can be chosen
compatibly. Therefore of every pair of complex conjugate Brauer characters each character lies
in a separate block and it suffices to classify the irreducible Brauer characters for one of them.
Furthermore each block contains one pair of σ -conjugate characters.
We begin by applying the MEATAXE to the tensor product 27a ⊗ 78a. The factor 27a is
available in [17] and 78a is known from Section 4.3. The composition factors returned are
27a,27a,324a,1728a.
Similarly we decompose 27a ⊗ 350a and obtain the two irreducible modules 4725a and 4725b.
To obtain all the information we need to determine the irreducible Brauer characters, we
consider in the following the tensor products 27a⊗78a, 27a⊗350a, 27a⊗572a, 27a⊗1352a,
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Basic sets for the faithful 2-blocks of 3.Fi22
i χi (1)
66 351
68 7722
70 12 474
72 12 474
74 19 305
78 27 027
88 96 525
92 235 872
98 360 855
100 368 550
126 938 223
i χi (1)
67 351
69 7722
71 12 474
73 12 474
75 19 395
79 27 027
89 96 525
93 235 872
99 360 855
101 368 550
127 938 223
Table 18
Generators for the condensation subgroup
i Product λ(ki )
1 s2 1
2 s1s2s−11 1
3 s3s2s−13 1
4 s21 s2s
−2
1 1
5 s3s1s2s−11 s
−1
3 1
6 s23 s2s
−2
3 ω¯
324a ⊗ 350a, 324a ⊗ 572a, 78a ⊗ 4725a and 350a ⊗ 4725a, which we condense and then
decompose with the MEATAXE.
As our condensation subgroup K we choose an abelian normal 3-subgroup of order 729,
which is contained in the second maximal subgroup 36:U4(2):2 of 3.O := 3.O7(3). We fix
the condensation idempotent by giving its associated linear character defined on the genera-
tors k1, . . . , k6 of K as follows: If we denote the standard generators of 3.O with o1 and o2,
the second maximal subgroup of 3.O is generated by the three elements u1 := o32o1o−32 ,
u2 := o22o1o22o1o−22 o1o−22 and u3 := o−22 o1o2o1o−12 o1 (see [17]). With these we find s1 :=
u2u3u2u
−1
1 u
−1
3 u2, s2 := u2u1u23u1u−12 u−11 u−23 u−11 and s3 := (u1u2u3)2u−11 u−23 u−12 u−13 , which
are generators for a Sylow 3-subgroup of 3.O . The linear character λ can now be defined as
indicated in Table 18, where ω¯ denotes the primitive third root of unity exp(4πi/3) ∈ C. The
inertia subgroup T of λ has index 27 in 36:U4(2):2 and we get 861 double cosets in T \3.G/T . If
we disregard those representatives, which condense to zero, we are still left with 846 generators
for the condensed algebra. With the help of the methods presented in [12, Section 2] we sort out
another redundant 273 elements. Since the running time of our algorithm increases rapidly for
any further gains, we resort to dealing with the 588 double coset representatives by randomly
selecting a subset of ten generators which we provide as input to the MEATAXE. Using a slightly
augmented algorithm to compute a composition series (see [12, Algorithm III.(3.2)]) we produce
a basis which is adapted to the composition series found. In this basis the representing matrices
are block lower triangular with the blocks being precisely the representations on the composition
factors. We can now verify that the composition series found is in fact a composition series of
modules for the condensed algebra by conjugating the remaining generators and verifying that
the block lower triangular form is maintained.
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Condensation results for a faithful 2-block of 3.Fi22
# Name 1 2 3 4 5 6 7 8
1 k1a 2 . 8 6 10 22 24 125
2 k4a 1 . 4 2 4 9 11 57
3 k15a . 1 . 2 1 3 5 15
4 k15b . 1 . 2 1 3 5 16
5 k16a 1 . . . . 2 1 8
6 k42a . . 2 . . 3 . 10
7 k62a . . . 1 2 1 4 12
8 k260a . . . . 1 . 1 2
9 k528a . . . . . 1 . .
10 k708a . . . . . 1 3
11 k2096a . . . . . . . 1
The condensation results of the above tensor products are given in the stated order in Table 19.
In particular we see that the chosen idempotent is faithful for this block.
We consider the fourth block and restrict the character 351aˆ of the basic set to 3.O . It decom-
poses into a character of degree 27 and one of degree 324. The group 3.O possesses exactly two
irreducible Brauer characters of degree 27 and two of degree 324. Both pairs consist of complex
conjugate characters each lying in a conjugate block.
Hence 351aˆ is either irreducible or decomposes as above into two characters which by [9]
restrict irreducibly to 3.O . If 351aˆ were irreducible the condensed block would have to contain
a simple 5-dimensional module. With Table 19 we can rule out this case. Hence 351aˆ is the sum
of two characters.
Again by [9] an irreducible character of degree 27 restricts irreducibly to 3.O . Considering
the irreducible characters of 3.O , we conclude that its associated module condenses to a 1-
dimensional module. Similarly an irreducible 324-dimensional character corresponds to a 4-
dimensional condensed module.
All irreducible characters of degree 27 and 324 in the considered block restrict to the same ir-
reducible character of corresponding degree. Therefore these characters only differ on the classes
of 3.G which lie in the preimages under the canonical projection of the classes 11A-B and 21A
of G Since our chosen condensation subgroup has exponent 3 all modules of dimension 27 con-
dense to a 1-dimensional module and all modules of dimension 324 condense to a 4-dimensional
module. Hence by Table 19 the block under consideration contains exactly one irreducible char-
acter of degree 27 and one irreducible character of degree 324.
To construct the character ψ of 27a we additionally restrict 351aˆ to the maximal subgroup
3.U := 6.U6(2) and we get
351aˆ↓3.U = 3 × 6b + 5 × 15b + 2 × 84b + 90b.
Thus we have ψ↓3.U = 2×6b+15b and together with the character 27a of the restriction of 351aˆ
to 3.O the character ψ is defined on all classes except on the preimages of 21A of G. Since the
standard generators of 3.G are lifts of the standard generators of G we may close this gap by
evaluating a word for a representative of 21A of G in the representation 27a, finally giving us ψ ,
which we will now call 27a, too. With it we immediately get 324a by subtracting it from 351aˆ.
Decomposing the tensor product 27a ⊗ 78a in the basic set we get
27a ⊗ 78a = 2 × 351aˆ − 7722aˆ − 27 027aˆ − 96 525aˆ − 235 872aˆ + 368 550aˆ.
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the one provided by the MEATAXE and thus get the irreducible character
1728a = 368 550aˆ − 235 872aˆ − 96 525aˆ − 27 027aˆ − 7722aˆ + 324a.
To determine the characters of the two irreducible representations 4725a and 4725b we proceed
as above by restricting the tensor product 27a ⊗ 350a to 3.U and 3.O . This yields
27a ⊗ 350a↓3.O = 2 × 27a + 2268a + 2268c + 2 × 2430a,
27a ⊗ 350a↓3.U = 12 × 6a + 22 × 15a + 2 × 84a + 12 × 90a + 6 × 204a
+ 4 × 720a + 4 × 924a.
The characters of 4725a and 4725b are conjugate under the non-trivial Galois automorphism σ
of Q(b13)/Q and Table 19 shows that they are the only characters in the block which fulfill the
necessary condition of having the same degrees. Let ψ1 and ψ2 be the irreducible characters
occurring in the tensor product 27a ⊗ 350a. Of the constituents in 27a ⊗ 350a↓3.O only 2268a
and 2268c are σ -conjugates. We therefore get
ψ1↓3.O = 27a + 2268a + 2430a,
ψ2↓3.O = 27a + 2268c + 2430a,
whereas the constituents of 27a ⊗ 350a↓3.U are distributed equally to both characters. Again
the restrictions to both subgroups determine all character values except on the preimages of the
class 21A of G. Evaluating a representative of 21A as above closes this gap, too.
We can distinguish ψ1 and ψ2 only by the values they take on the class triples (13A,39A,39B)
and (13B,39C,39D), which are interchanged by σ . Therefore we call 4725a the character which
takes the value −1 − b13 on the class 13A and call its σ -conjugate 4725b.
With the help of the now known irreducible Brauer characters we can easily determine the
remaining ones as before by solving the system of linear equations given by Table 19 and ex-
ploiting the upper triangular form of the coefficient matrix.
4.5. Completing the principal block
We determine the missing Brauer characters of the principal block by condensing the ten-
sor products 78a ⊗ 78a, 78a ⊗ 350a, 78a ⊗ 572a, 78a ⊗ 1352a, 350a ⊗ 350a, 350a ⊗ 572a,
350a ⊗ 1352a, 572a ⊗ 572a, 27a ⊗ 324b and 27a ⊗ 4725c. The faithful representations and
characters that are needed for these products were determined in the preceding Section 4.4. Here
we denote by 324b and 4725c the contragredient representations, respectively the complex con-
jugate characters, of 324a and 4725a.
As our condensation subgroup K we choose an elementary abelian normal 3-subgroup of or-
der 243 of the maximal subgroup N := 35.U4(2):2 of O7(3) and condense employing the trivial
idempotent. From the 35 double coset representatives of N\G/N and the three generators of N ,
which are available in [17], we gain a generating system for the condensed algebra containing 37
elements.
Computing the dimensions of the condensed modules for the first five known irreducible
Brauer characters, we see that 1352a condenses to zero. We counter the disappearing 1352a
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Condensation results for the principal 2-block of Fi22
# 35 31+6+ 1 2 3 4 5 6 7 8 9 10
1 1 1 2 . . 4 14 2 4 16 . 1
2 6 . 5 . 2 8 16 4 20 34 1 2
3 10 6 2 . . 3 9 1 2 12 1 1
4 14 2 4 . 2 4 10 2 12 23 2 1
5 . 2 2 2 . 7 8 2 12 30 1 3
6 46 16 . . . 1 4 . . 4 . .
7 60 4 . 1 . 2 . . 4 4 . 1
8 64 . . . 1 . . . 2 2 1 .
9 64 . . . 1 . . . 2 2 . .
10 128 14 . . . 1 2 2 . . . 1
11 180 12 . . . . . 1 . . . 1
12 180 12 . . . . . 1 . . .
13 204 10 . . 1 . . . . 4 . .
14 516 34 . . . . . . 2 . . .
by enlisting a second condensation subgroup. To this end we choose the extraspecial normal
3-subgroup of order 2187 of the eleventh maximal subgroup M := 31+6+ :23+4:32:2 in G again
condensing with the corresponding trivial idempotent. A computation of the dimensions of the
condensed modules shows that out of the first five simple modules only 78a condenses to zero.
From the double coset representatives of M in G and the generators of M we get a generating
system for the second condensed algebra comprising 32 elements.
Therefore both condensation subgroups enable us to study the mentioned tensor products
without any loss of information. We give the condensation results in Table 20, where we also
present the dimensions of the condensed simple modules with respect to either condensation
subgroup.
Using the previously determined Brauer characters it is now straightforward to solve the sys-
tem of linear equations whose coefficient matrix is given by Table 20 and whose right-hand
side is given by the character tensor products corresponding to the columns. Thus all irreducible
Brauer characters are determined.
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